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Summary. Prior information on gene effects at 
individual quantitative trait loci (QTL) and on 
recombination rates between marker loci and QTL is 
derived. The prior distribution of QTL gene effects is 
assumed to be exponential with major effects less likely 
than minor ones. The prior probability of linkage 
between a marker and another single locus is a 
function of the number and length of chromosomes, 
and of the map function relating recombination rate 
to genetic distance among loci. The prior probability 
of linkage between a marker locus and a quantitative 
trait depends additionally on the number of detectable 
QTL, which may be determined from total additive 
genetic variance and minimum detectable QTL effect. 
The use of this prior information should improve 
linkage tests and estimates of QTL effects. 

Key words: Genetic markers-Quant i ta t ive trait 
loci Linkage analysis - Bayesian method - Prior infor- 
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Introduction 

The number of genetic markers for the dairy cattle 
genome has increased rapidly in recent years. One 
laboratory has developed approximately 200 random 
markers covering an estimated 60-70% of the genome 
(Georges etal. 1991; Steele and Georges 1991). 
Random markers include multisite restriction fragment 
length polymorphism (RFLP) haplotypes, variable 
number of tandem repeat (VNTR) sequences, and 
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polymerase chain reaction (PCR)-based polymorphisms. 
Targeted markers include polymorphisms developed 
in the vicinity of known loci such as the prolactin 
locus. Linkage between genetic markers and quantitative 
trait loci (QTL) is likely to be investigated in great 
detail in the near future. 

The granddaughter design (Weller et al. 1990) 
seems the most practical for linkage analysis in a dairy 
population because it requires the smallest number of 
animals to be genotyped. Methods of analysis of 
granddaughter or daughter designs that have been 
used in the past are linear fixed regression (Weller 
et al. 1990; Hoeschele and Meinert 1990), iteratively 
reweighted fixed regression (Dentine and Cowan 
1990), random regression (Goddard 1992), and 
maximum likelihood (ML) (Weller 1990). 

The fixed effects methods, fixed regression and ML, 
will overestimate the additive effects associated with 
selected markers, as noted by Smith and Simpson 
(1986). Paterson et al. (1991) applied these methods to 
an RFLP map of the tomato genome to detect and 
estimate QTL effects on traits measured in F 2 and F 3 
tomato crosses. In the F 2, seven, four, and five marked 
QTL explained 72%, 44%, and 34}/0 of the phenotypic 
variance of three traits with narrow-sense heritabilities 
of 45%, 25% and 15~o, respectively. The authors 
explained the high variances attributed to the QTL by 
upward biases due to nonadditive genetic and 
genotype by environment interaction variances, but 
no quantitative evidence of nonadditive genetic 
variance was given. 

In animal breeding, estimates of marker effects 
from linkage analyses are employed in advertising 
genetic markers by biotech companies for use by 
breeders and artificial insemination firms as an aid in 
selection. The Chro-Mo-Probe with an estimated 
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effect of 283 kg milk (Cowan et al. 1990) is an example. 
Advertised markers will be a selected subset of those 
initially tested, and estimates of marker effects will be 
based on different number of families and family sizes. 
Effects of marked QTL may be estimated more 
realistically by including prior information, similar to 
treating sire or animal effects as random instead of 
fixed in genetic evaluation. 

Too many rnarker-QTL linkages may be declared 
if many single markers or marker pairs are tested for 
the same traits. Under the null hypothesis that no 
detectable QTL are linked to any of the markers, at 
least one false linkage will be declared with high 
probability. This has not been considered to be a 
problem in linkage analysis for a trait known to be 
monogenic (Edwards et al. 1987), because linkage is 
declared only for the most significant marker. This 
argument does not apply to polygenic traits 
(Clerget-Darpoux et al. 1990), because many linkages 
can be declared. 

The approach of Lander and Botstein (1989) 
achieves a small type-I error rate (e.g., 0.05) for the 
entire set of linkage tests and requires very small type-I 
error rates for individual tests, depending on the 
number and density of markers. The prolactin locus 
was found to have a significant effect of 283 kg milk 
in one Holstein sire family (Cowan et al. 1990) at a 
type-I error rate of 0.05. This effect would not have 
been declared significant at a type-I error probability 
of, e.g., 0.0005 = 0.05/100, derived from Lander and 
Botstein's approach and a large number of genetic 
markers (e.g., 100) now available for dairy cattle. 
Dekkers and Dentine (1991) showed that even for a 
strictly polygenic trait detectable chromosome substi- 
tution effects exist. Hence, given prior knowledge of 
sufficient heritability or additive genetic variance, the 
null hypothesis of no detectable QTL segregating 
appears inappropriate. 

An alternative approach uses the concept of prior 
probability of linkage, which is a function of the 
number of detectable QTL instead of number of 
potential markers. The more detectable QTL that are 
segregating in a population, the larger the probability 
of linkage of any given marker or marker pair to at 
least one QTL. This approach allows the utilization 
of prior knowledge on the genetic base of quantitative 
or complex traits, with the number of detectable QTL 
depending on total additive genetic variance, which is 
well estimated for important traits of livestock. 

In this paper, prior distributions of QTL sub- 
stitution effects, QTL gene or genotype frequencies, 
and recombination rate between a marker locus and 
a QTL are presented. Subsequently, the prior prob- 
ability of linkage between a single or a pair of marker 
loci and a QTL is derived. In a companion paper 
(Hoeschele and VanRaden 1993), this prior knowledge 

will be combined with data from daughter or grand- 
daughter designs in a Bayesian analysis to compute 
the posterior probability of linkage between a marker 
locus and a QTL and to estimate QTL parameters. 

Prior knowledge 

Additive effects of Q T L  

Several hypothesis have been formed about the 
inheritance of quantitative traits. Most of the limiled 
empirical evidence supports the hypothesis that 
quantitative traits are under the control of few major 
genes and numerous genes with smaller effects 
(Gregory 1965; Spickett and Thoday 1966; Thompson 
1975; Edwards et al. 1987; Paterson et al. 1988, 1991; 
Shrimpton and Robertson 1988). Shrimpton and 
Robertson (1988) provided a frequency histogram for 
effects of genes at loci affecting bristle number in 
Drosophila melanogaster. They conjectured a hypo- 
thetical frequency distribution of bristle gene effects, 
which may be modelled using the exponential 
distribution. 

In populations undergoing selection, alleles of 
large effects are likely to be fixed. However, relatively 
large effects have been found in association with the 
prolactin (Cowan et al. 1990) and weaver (Hoeschele 
and Meinert 1990) loci in dairy cattle. These effects 
may be due to single QTL or QTL clusters. Clusters 
of QTL or superloci may be treated as single QTL. 
On the assumption that the exponential distribution 
adequately describes the distribution of QTL effects, 
the additive or substitution effect c~ of a biallelic QTL 
has the prior density function 

f(~) = 1/fi,exp ( -  cqfi) 

where fl is the only parameter of the exponential 
distribution, 

fl = E(~) .  

Imposition of an upper limit on ~, ~u, avoids 
integration over a range of large a values with near 
zero density. As a lower limit, ~,  the smallest ~ likely 
to be detected in a given design may be chosen. 
Imposition of a lower limit leaves all QTL with smaller 
effects in the polygenic part of an individual's additive 
genetic value. The truncated exponential distribution 
has a positive density over the range ~1 to au equal to 

f(~) = c/fl* e x p ( -  ~/fl) (1) 

where c = 1/[exp ( -  cq/fl) - exp ( - a,/fl)] is an integra- 
tion constant. 

The assumption of a biallelic QTL may serve as a 
good approximation if multiple alleles can be grouped 
into favorable and unfavorable with favorable or un- 
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Fig. 1. Joint permissible parameter space for QTL gene 
frequency p and gene effect ~ expressed in total additive genetic 
standard deviation units 

favorable alleles having similar effects. Alternatively, 
the QTL may be assumed to be highly polymorphic, 
with each sire carrying different QTL alleles. Numbers 
of QTL alleles intermediate between two and many 
would be difficult to model, because the exact number 
of alleles is unknown and alleles of similar effects would 
be difficult to distinguish. If each sire is assumed to carry 
different QTL alleles, additive effects can be treated as 
nested within sires and modelled as independent a 
priori, or 

S 

f(~) = ]-I f(~,) (2) 
i=1 

where ~ is the vector of ~i effects, S is number of sires, 
and the cq are independently and identically expon- 
entially distributed with density as in (i). 

QTL allele or genotype frequencies 

Absence of prior information about allele frequency p 
at a biallelic QTL may be expressed by letting p be 
distributed as beta Be(l, 1), which is the uniform distri- 
bution U(0, 1). This prior implies that all values of p 
are equally likely a priori. The additive genetic variance 
at a biallelic QTL, equal to 2p(1 - p) e2 (Falconer 1985), 
may exceed the total additive genetic variance o -2 for 
certain values of p if e is large. Therefore, the joint 
density of ~ and p should be positive only for those 
combinations of e and p values yielding a QTL variance 

2 The joint parameter space less than or equal to a a. 
containing all e and p values With positive density is 
depicted in Fig. 1. The prior density for the truncated, 
joint distribution of e and p may be written as {: 2 
f(~,P) = ,f(~) if2p(1 - -  p)~2 < aa  (3) 

otherwise 

with k, the reciprocal of the integral of f(~,p) over the 
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Fig. 2. Joint permissible parameter space for QTL frequency of 
heterozygosity P and gene effect ~ expressed in total additive 
genetic standard deviation units 

restricted space of ~ and p values, or 

(1 -p~} 

2 where p~ is the smaller root of the equation a a - 
2 and p, 0.5 otherwise; 2p(1 - p)cd = 0 if 0.5e / > a a , = 

the prior density f(p) is Be (1,1) or, equivalently, U(0, 1). 
For  a multiallelic QTL, the Mendelian sampling 

variance in the population of sires is 

0 .2 = (0.25)~Zpkp, azl 
m (QTL)  

k 1 

where Pk and Pl are allelic frequencies at the QTL in 
the sires, C~R, is the effect of substituting QTL allele k 
for 1 with akk = 0, and the summation extends over all 
alleles at the QTL. This expression represents the total 
single parent Mendelian segregation variance at a QTL 
in a population in linkage equilibrium (Dekkers and 
Dentine 1991). Assuming that there are many alleles 
and PR = P for all k, 

z = P(0.25) ~2 (4) 
O'm(QTL ) 

where 

P = ~ P k P l  = P z*h 
k r  

with h, number of heterozygotes, and e2, average of all 
~2 with k ~ 1. The parameter space containing all com- 
binations of 5 and P values yielding a value of (4) 
equal to or less than the total sire Mendelian sampling 
variance or 0.25o .2 is shown in Fig. 2. The prior density 
for the truncated, joint distribution of ~ and P may 
then be written as 

f(~,p)={~*f(cO otherwiseif(4)-<O'25a2 (5) 
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with k, the reciprocal of the integral of f(~, P) over the 
restricted space of ~ and P values. 

Recombination rate 

The prior distribution of recombination rate r between 
two loci may be modelled as a discrete and a continuous 
part, similar to the prior in the Bayesian analysis of a 
general point null hypothesis (Berger 1985). This prior 
assigns a certain probabili ty mass to r = 0.5, the prob- 
ability of nonlinkage Prob(r  = 0.5), while giving r < 0.5 
the continuous density [1 - Prob(r = 0.5)] * f(r). 

This type of prior was first employed by Smith (1953, 
1959) in his Bayesian method of estimating recombina- 
tion frequency from data consisting of recombinant 
counts. Renwick (1971) and Elston and Lange (1975) 
used a similar prior for the distance between loci. A 
rederivation of the prior for recombination rate among 
two arbitrary loci is presented in this section preceding 
an extension to quantitative traits. 

Let M be a marker  locus and Q another locus with 
known genotypes but unknown location. A priori, M 
and Q can be located anywhere in the genome. Let 
CM and C o denote chromosomes carrying M and Q, 

respectively. Given that M and Q are on the same 
chromosome, or C M = CQ, let 6 be the genetic distance 
between M and Q, and 6mi, the minimum distance at 
which the loci segregate independently, i.e., r = 0.5 for 
6 > 6rain. Then, the prior distribution of r may be re- 
presented as 

Prior (r) = 
Prob(r  = 0.5) = 1 - Prob(CM = C O and 6 < •min) 

[1 - Prob(r  = 0.5)] .f(r) (6) 

Evaluation of this prior requires determining 
Prob(CM = C 0,  Prob(6 < 6mi,), and f(r), which are given 
in Appendix A. The minimum distance for independent 
segregation, 6ml . ,  can be obtained from an assumed 
map function 6 = g (r) (Appendix D). 

Assuming that all chromosomes have length L = 1 
Morgan and combining (A.1) and (A.6) yields an ap- 
proximate prior probability of nonlinkage, or 

--  ~min) (7) Prob(r  = 0.5) = 1 - (1/nc)*(26mi, 2 

where no is number  of chromosomes. 
Allowing chromosomes to differ in length, using 

(A.2), and letting Prob(6 < 6min) depend on the length 
of individual chromosomes yields the prior probability 
of nonlinkage, or 

nc 
Prob(r  = 0.5) = 1 - Y', (L~/LT) 2 Prob(6 < 6mln I L~) (8) 

where 

~1 ifL i < 6rain 
Prob((~ < (~minlti) = ~(2/Li  ) (~mln - (1/ t i)2O2in otherwise 

and Li and L T are the genetic lengths of chromosome 
i and the genome, respectively. The same result was 
obtained by Elston and Lange (1975) and generalized 
to more than one marker. Let 6mi n = 1 Morgan. Then, 
Prob(r  = 0.5) = 0.955 from (7) for the human genome 
with 22 autosomal chromosomes, and Prob(r  = 0.5) = 
0.956 from (8). Appendix D gives Prob(r  = 0.5) and 
fL(r) for the map function assuming complete inter- 
ference (Haldane 1919), 6 = r, and for the function of 
Pascoe and Morton (1987), which fitted recombination 
data on both Drosophila and humans well. 

The prior probability of linkage between a locus Q 
and a pair of linked marker  loci M1 and M2 located on 
chromosome CM is equal to Prob(C u = CQ) times the 
probability of Q linked to M1 or M2, given that all 
three loci are on the same chromosome of length L. The 
latter probability can be partitioned into three compo- 
nents, P rob(Q:M1 : M2), Prob(M1 :Q: M2), Prob(M1 : 
M2: Q), which are the probabilities of Q located on the 
flank closest to M1 and linked to M1, of Q located 
between M1 and M2, and of Q located on the flank 
closest to M2 and linked to M2, respectively. These 
prior probabilities and prior density functions of re- 
combination rate for the different linkage situations 
are given in Appendix B. 

Table 1. Number of detectable QTL (nQ) for fractions F of 
additive genetic variance or, z explained by QTL, different 
parameter values of the prior distribution of QTL gene effects, 
ct; number of sires, S; and minimum gene frequency, Pv 
a a = 560 kg milk yield 

F cq, %, ,8 ~ S p~ nQ 

1.0 100, 600, 200 2 0.25 8 
10 0.05 10 

100, 600, 120 2 0.25 12 
10 0.05 15 

50, 600, 200 2 0.25 11 
10 0.05 13 

50, 600, 100 2 0.25 22 
10 0.05 28 

0.5 100, 600, 200 2 0.25 4 
10 0.05 5 

100, 600, 120 2 0.25 6 
10 0.05 8 

50, 600, 200 2 0.25 4 
l0 0.05 6 

50, 600, 100 2 0.25 11 
10 0.05 14 

0.33 100, 600, 200 2 0.25 3 
10 0.05 4 

100, 600, 120 2 0.25 4 
10 0.05 5 

50, 600, 200 2 0.25 4 
10 0.05 5 

50, 600, 100 2 0.25 8 
10 0.05 10 

71 < c~ < ~u; E(~) = fl, values in kg milk yield 
b pj < p < (1 - Pl), P~ = 1 / ( 2 S )  
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Fig. 3. Prior probability of linkage as a function 
of number of detectable QTL (no) map function 
determining minimum distance between syntenic 
loci for independent segregation, 6m~., and 
approximate (constant chromosome length) versus 
exact computation for the human genome 

Joint prior knowledge about QTL additive effect, 
allele frequency, and recombination 

A prior for recombination frequency r was given in 
(6) for a single marker or marker pair and a single 
trait locus. For a quantitative trait, there may be several 
QTL with detectable effects, which would increase the 
prior probability of linkage. If the number of detectable 
QTL, no, were known a priori, the prior probability of 
linkage could be obtained by straightforward extension 
of the results in the previous section. 

A range for number of detectable QTL can be 
obtained for bialMic loci by setting the fraction F of 
the total additive genetic variance explained by detec- 
table QTL equal to n o times the expected variance 
due to one detectable QTL, or 

Va 2 = noE(VQ) (9) 

where 

E!VQ) =p 

k ff(c~){ ! [ 2 p ( 1 -  P)Cr dP + l!p [2p(1 - P,~2]dP} d~ 

From these two equations, n o can be computed for 
different values of F and of the parameters of the prior 
density of e and p. Because alMic frequency at a QTL 
segregating in a small number of sires cannot closely 
approach zero or one, lower (p]) and upper (p,) limits 
may replace the integration limits for p of 0 and 1 in 
E(Vo). With number of sires denoted by S, P] = 1/(2S) 
and pu = 1 - Pl. Then, performing the inner integration 
in E(Vo) yields 

2 2 2 3 E(VQ) = k 5 c~ [2(p= - Pl ) - 4/3 (p~ - pla)] f(c0 dc~ 
cq 

In evaluating E(Vo), the condition p= > p~ must be 
satisfied, else E(V 0 is set to zero. The numbers of 
detectable QTL are given in Table 1 for a typical 

quantitative trait, milk yield, and then suggest a likely 
range of n o = 5 to n o = 30. 

The prior probability of nonlinkage, for a given 
value of n o and from results (C.2) and (C.3) in 
Appendix C, is 

Prob(r = 0.5)= 1 - Li/LT) ~ (2Q)(Li/LT) 5 
i =  j = l  

�9 (1 - LI/LT)(nQ-5).(C.3)I (10) 

By assuming a constant length of chromosomes, L, 
letting 6m~. > L/2, and using (C.1), (12) may be approxi- 
mated by 

nQ 

Prob(r = 0.5) = 1 - ~ (~Q)(1/nc)J(1 - 1/no) (nQ-5) 
j = l  

-[1 - (2 / ( j  + 1))(L - •min) j ] (11) 

The prior probability of linkage can now be 
evaluated for a range of values for number of 
detectable QTL, no, using (10) or (11). Figure 3 shows 
the prior probability of linkage as a function of n o, 
exact [-(10)] versus approximate [(11)] calculation, 
and map function determining 6mi n. The prior 
probabilities were computed for the human genome 
with 22 autosomal chromosomes of genetic lengths 
given in Ott (1985). For n o ranging from 1 to 20, prior 
probabilities of linkage increased from 1~o to 21~o and 
from 4~o to 53~o for the map function with complete 
interference (Haldane 1919) and that of Pascoe and 
Morton (1987), respectively. Substantial differences in 
the prior probability of linkage were also observed 
among map functions and exact versus approximate 
calculations. 

The joint prior distribution of QTL parameters 
may now be represented as 

~Prob(r = 0.5) = (10) 
Prior(e, p, r) = ~[ [1 - Prob(r = 0.5)] �9 f(ct, p)* f(r) (12) 
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P r io r  (12) is an extens ion of  (6) for the case of l inkage  
to a Q T L  with pa rame te r s  ~, p, and  r. 

C o n c l u s i o n s  

Pr io r  in fo rmat ion  on r ecombina t i on  rates between loci 
and  on the d i s t r ibu t ion  of  Q T L  gene effects is avai lable .  
The  p r io r  p robab i l i t y  tha t  a r a n d o m l y  chosen m a r k e r  
or  m a r k e r  pa i r  is l inked to any Q T L  is a funct ion of  
lengths of  ch romosomes ,  m a p  funct ion re la t ing 
dis tance  to r e combina t i on  ra te  a m o n g  loci, and  
n u m b e r  of QTL.  The n u m b e r  of  de tec tab le  Q T L  m a y  
be de te rmined  f rom to ta l  addi t ive  genetic var iance  and  
m i n i m u m  detec table  Q T L  effect. P r io r  p robab i l i t y  of  
l inkage  of  a m a r k e r  locus to at  least  one Q T L  ranged  
f rom 1% to 53% for the h u m a n  genome using two 
a l ternat ive  m a p  funct ions with 1-20  de tec tab le  Q T L  
present.  

An exponent ia l  p r io r  d i s t r ibu t ion  of  Q T L  gene 
effects was assumed,  with m i n o r  effects more  l ikely 
than  ma jo r  effects. The  d i s t r ibu t ion  depends  only  on  
the average  gene effect, which is unknown.  D a t a  to 
es t imate  this mean  are not  yet avai lable.  However ,  if 
the d i s t r ibu t ion  of  single gene effects on quant i t a t ive  
t rai ts  of  l ivestock is t ruly exponent ia l ,  then a good  
guess of  the mean  should  p roduce  a p r io r  closer to 
real i ty  than  the a s sumpt ion  of  m i n o r  and  ma jo r  effects 
being equal ly  likely. All  effects being equal ly  l ikely is 
a ssumed  in fixed regression or  M L  l inkage analysis.  
A Bayes ian  l inkage analysis  presented  in a subsequent  
pape r  al lows the avai lable  p r io r  in fo rmat ion  to be 
c o m b i n e d  with exper imenta l  evidence f rom data.  

Acknowledgements. Support of this research by a grant from 
the Holstein Association, Brattleboro VT, USA is gratefully 
acknowledged. 

Appendix A. Components of the prior for recombination rate 
between one trait and one marker locus 

Consider first Prob(CM =CQ) and assume locus Q can be 
situated anywhere on the genome with equal probability. Then, 
if all chromosomes have equal length, the prior probability that 
M and Q are on the same chromosome is 

Prob(CM = CO) = 1/no (A.1) 

where nc is number of chromosomes. For nc = 30, Prob(CM = 
Co) = 0.33. If chromosomes differ in length with LT, the length 
of the genome, and L i, the length of chromosome i (i = 1 ..... no), 
then the prior probability of M and Q located on the same 
chromosome is 

I1 c 
Prob(C M = C o) = ~ (LJLT) 2 (A.2) 

~=1 

For the human genome, estimates of the physical and genetic 
lengths of the 22 autosomal chromosomes are available (Ott 
1985, p 11). Applying (A.1) and (A.2) yields values of 0.046, 0.049, 
and 0.052 for equal length, physical lengths, and genetic lengths, 

respectively. If CM and its length were known, 

Prob(CM = CQ) = LcM/LT (A.3) 

The Prob(6 < drain) and the density f(r) are obtained by 
integrating the density f(6) and by a change of variable from 6 
to r in f(6), respectively. Let IM and l 0 be random variables 
representing the location of M and Q given CM = CQ. Assuming 
M and Q can be located anywhere on the chromosome of length 
L Morgans with equal probability implies l~a ~ U(0, L) and 
IQ ~ U(0, L). The change of variables from (lM, l o) to (IM, 6) and 
integration with respect to l M yields the prior density of 6 with 
parameter L, or 

fL(6) = max 0, - 3 + ~smin(3, L - 6) (A.4) 

It follows that 

Prob(6>6mi, ,= ? fL(6)d6= 4 LI2(L--6~d6 
~min L ~m,.\2 f 

2 L/2 2 L 
+ - -  I 6 d~ + - -  f (L - 6) d6 

L 2 L 2 ~mln max(3mln,L/2) 

After some algebra, (A.5) 

2 1 
P r o b ( ( ~  < ~rnln ) = t t ~ m i n  - -  L2O2min . ( k . 6 )  

Let 6 = g(r) represent any explicit map function. A change 
of variable from 6 to r in (A.4) yields the prior density of r for 
r <0.5, 

fL(r) = fL(g(r))l d6/drl/Prob(6 < dmi n) (1.7) 

If chromosomes differ in length and M has not been assigned 
to a specific chromosome, the prior density of 3 in (A.4) must 
be replaced by the density of a mixture distribution, or 

ne 
f(6) = ~ Prob(C M = CQ = i)fL,(3 ) (A.8) 

i = 1  

where the density in the right-hand-side of (A.8) is that of (A.4) 
with L = L i. A simple approximation to f(r) is to evaluate fL(r) 
in (A.7) at L equal to the average length of chromosomes. An 
alternative approximation is given in Elston (1975). 

Appendix B, Components of the prior for recombination rate 
between one trait and two linked marker loci 

Continue to assume that locus Q can be situated anywhere on 
the genome with equal probability. Let A be the map distance 
between M1 and M2. Then, 

Prob(M 1 :Q:M2) = A/L (B.1) 

and the prior density of rt/r M, the ratio of recombination rate 
among M1 and Q to recombination rate among M1 and M2, 
may be taken as the density of U(0, 1), given that Q is between 
M1 and M2. 

The probability that Q is not between M1 and M2 is 
(L -A ) /L  from (B.1). The probability that locus Q is on the 
flank closer to M1, given Q is not between M1 and M2, is 0.5. 
Given that Q is on the flank closer to M1, the probability that 
the distance between Q and M 1 is less than ~min can  be computed 
by assuming the locus order 0.< lQ < IM1 < IM2 < L as 

Prob((lul - IQ) < 6min[O ~-~ IQ _< lM1 < IM2 --< L) = 6mi./(L - A) 
L--A tM1 

+ f I/(L--A) I (1/lM~)dlQdlM, 

= 6m~./(L - A)I[-1 + log { (L - A)/6~i~ } ] 



Multiplication of the probabilities of Q not between M1 and 
M2, on the flank closer to M 1 given not between to M 1 and 
M2, and linked to M 1 yields 

Prob(Q:MI:M2) = [Smin/(ZL)] [1 + log {(L - -  A ) / S m i n  } ] (B.2) 

Probability Prob(M 1 : M2: Q) is identical to Prob (Q: M 1 : M2) 
in (B.2), and the prior probability of no linkage to either M1 
or M2 is 

Prob(r = 0.5) = (L - A - 6min[1 + log {(L -- A ) / S m i , } ] ) / L  (B.3) 

The prior density of rj or r2, recombination rate between Q 
and M1 or M2, respectively, given linkage to either M1 or M2, 
is obtained by using (B.2) and f(5) = 1/(L - A) in Eq. A.7. 

Appendix C. Components of the prior probability of nonlinkage 
between nQ trait loci and one marker or marker pair 

QTL are assumed to be randomly and independently distributed 
across the genome. Then, for a given value ofnQ, the probability 
that at least one QTL is located on the same chromosome as 
the marker or marker pair is, for equal length of chromosomes, 

n Q  

Prob(C M = CQ) = ~ (~Q)(1/nc)J (1 - l / n )  (nQ-j) (C.1) 
j = l  

and, for unequal length of chromosomes, 
n e n Q  

Prob(C M = CQ) = Z (Li/LT) Z (~Q)(LJLT)J(1 -- L]LT)('Q-J) 
i = l  j = l  

(C.2) 

The probability Prob(6 < 6mi,) now represents the probability 
that the distance between the marker and the closest QTL, 5s, 
is less than 5mln. Elston and Lange (1975) derived this probability 
for one trait locus and several marker loci. Following their 
procedure, let the marker and some QTL be situated on 
chromosome Ci, let the position of the marker on the 
chromosome be 1M, and let l M = lr~/L i and 5' = 5 . /L.. Then, 

nlln m n -  
conditional o n  Im, 

Prob(5~ > 6mi, f j QTL on Ci) 

~'(1 - l~ - 5'mln )j if5mi n > El/2 or 5mi n < Li/2 and l M < 5mi" 

(1 -- 26mi,)' J if6mi n < Li/2 and 1M > 5mi" 

for j = 1 ..... nQ. Integration with respect to l~ yields, after some 
algebra, 

Prob(6~ < 5mi.I j Q T L  o n  C i )  

= ~ 1  (2/(j + 1))*(1 --  6mi~) i+ 1 ifS~i~ > Li /2  

[.1 --  (2/(j + 1))*(1 --  6 " i . ) J+  J --  ((j --  1)/(j + 1))*(1 --  26"i~)J+ l ifdmi.  < L j 2  

(C.3) 

Appendix D. Map functions applied to the prior for recombi- 
nation rate 

(D.1) Map function: 6 = g(r) = r if 5 < 0.5; r = 0.5 if 6 > 0.5 
(Haldane 1919). 

When 6mi, = 0.5, nr = 30, and L = 1 for all chromosomes, the 
use of Eqs. A.3, A.4, A.6, and A.7 yields 

Prob(r = 0.5) = 1 - Prob(6 < 5mi,)* Prob(C M = CO) 

= 1 -- [1/L -- 1/(4L2)] *Prob(C M = CQ) 

= 0.975; 

fL(r) = (0.75)- ~ *(2 -- 2r). 

(D.2) Map function: 6 = g(r) = x/3/~.arctan[(1 + 4r)/x/3 ] - 
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1/12*In[(1 -21") 2] - 1/12*In(1 + 2r + 4r 2) -0.15115 (Pascoe and 
Morton 1989). 

When 6m~ n ~ 1., n~ = 30 and L = 1 for all chromosomes, the use 
of (A.3), (A.4), (A.6), and (A.7) yields 

Prob(r = 0.5) = 1 - [2/L - 1/L 2] * Prob(C M = CQ) 

= 0.967; 

fL(r) = [4max {0,1 -- g(r)} + 2min{g(r),l -- g(r)} ]/(1 -- 8r3). 
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